SECTION 4.7
Further optimisat

ion of economic
‘functions |

e

Objecth
At the end of this section you should be able to;

& Show that, at the poi‘nt of maximum profit, marginal revenue equals marginal cost.

# Show that, at the pbint of'maximurm profit, the slope of the marginal revenue curve is
less than that of marginal cost.

&

Maximise profits of a firm with and without price discrimination in different markets.

@

Show that, at the point of maximum average product of labour, average product of
labour equals marginat product of labour.

The previous section demonstrated how mathematics can be lj,se_d‘ to_optimise particular
economic functions, Those examples suggested two important resultss. o

1. If a firoy maximises profit then MR = MC,

2. If a firm maximises average product of labour then AP, = MP,.

Although these results were found to hold for all of the examples considered in Section 4.6,'ii‘. dt;es

not necessarily follow that the results are always true. The aim of this section is to prove these
assertions without reference to specific functions and hence to demonstrate their generality.

Advice

.. You may prefer to skip these proofs at a first reading and just concentrate on the worked
L example (and Practice Problem 2 and Question 3 in Exercise 47*) on price discrimination.

Justification of the first result turns out to be really quite easy. Profit, 7, is defined to be the
difference between total revenue, TR, and total cost, TC: that is,

t=TR~TC

To find the stationary points of © we differentiate with respect to Q and equate to zero: that is,

dr _dR) _(1C) _,
Ao~ 4o dg
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where we have used the difference rule to differentiate the right-hand side. In Section 4.3 we defined

. T
d(TR—‘) and MC = ATR)

dQ d@

MR =

so the previous equation is equivalent to
MR -MC=0

“and so MR = MC as required.

© & _The stationary points of the profit function can therefore be found by sketching the MR and
MC curves on the same diagram and inspecting the points of intersection. Figure 4.26 shows
typical marginal revenue and marginal cost curves. The result

MR = MC

holds for any stationaty point. Consequently, if this equation has more than one solution then
we need some further information before we can decide on the profi-maximising level of out-
put. In Figure 4.26 there are two.points of intersection, @, and Q,, and it turns out (as you
discovered in Practice Problem 3 and Quiestion 5 of Exercise 4.6 in the previous scction) that
one of these is a maximum while the other is.a minimum. Obviously, in any actual example, we
can classify these points by evaluating sec{jndprder derivatives. However, it would be nice to
make this decision just by inspecting the graphs 6fmarginal revenue and marginal cost. To see
how this can be done let us return to the equation -~

3 MR - MC
dg

and differentiate again with respect to Q to get

dzfr_ _dMR)  d(MO)

dg? 4o do
Now if d*m/dQ)” < 0 then the profit is a maximum. This will be so when

d(MR) < d{MC)
d@ 4@

Figure 4.26
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that is, when the slope of the marginal revenue curve is less than the slope of the marginal cost
curve.
Looking at Figure 4.26, we deduce that this criterion is true at Q,, so this must be the desired
level of output needed to maximise profit. Note also from Figure 4.26 that the statement “the
slope of the marginal revenue curve is less than the slope of the marginal cost curve’ is equival-
ent to saying that ‘the marginal cost carve cuts the marginal revenue curve from below’. Tt is
this latter form that is often quoted in economics textbooks. A similar argument shows that, at
.a minimum point, the marginal cost curve cuts the marginal revenue curve from above and so

we can deduce that profil is a minimum at Q, in Figure 4.26. In practice, the task of sketching
__the graphs of MR and MC and reading off the coordinates of the points of intersection is not an
attractive one, particularly if MR and MC are complicated functions. However, it might turn
out that MR and MC are both linear, in which case a graphical approach is feasible.

Practice Problem
1. A monopolist’s deman‘dfun‘ctiorx is
P=25-050 o
The fixed costs of production are 7 aﬁ'd the variable costs are 0 + 1 per unit.
{a} Show that )
TR =250 - 0507 and TC= Q'+ 0 + 7

and deduce the corresponding expressions for MR and ME,

(b Sketch the graphs of MR and MC on the same diagram and hence find the value of Q
which maximises profit. ca

Quite often a firm identifies more than one market in which it wishes to sell its gdods_ For
example, a firm might decide to export goods to several countries and demand conditions are
likely to be different in each one. The firm may be able to take advantage of this and increase
overall profit by charging different prices in each country. The theoretical result ‘marginal revenue
equals marginal cost’ can be applied in each market separately to find the optimal pricing policy.

Example

A firm is allowed to charge different prices for its domestic and industrial customers. If P,

and Q, denote the price and demand for the domestic market then the demand equation is
P+ 0, =500

If P, and Q, denote the price and demand for the industrial market then the demand
equation is

2P, + 30, = 720
The total cost function is

TC = 50000 + 200

where 0 = Q, + (. Determine the prices {in dollars) that the firm should charge to maximise
profits:
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(a) with price discrimination

{b) without price discrimination.

Compare the profits obtained in parts (a) and (b).

{a) The important thing to notice is that the total cost function is independent of the market
wand so marginal costs are the same in each case. In fact, since

CTE =50 000 + 200

we have MC = 20. All we have to do te maximise profits is to find an expression for the
marginal revenue for each market and to equate this to the constant value of marginal
cost. ' ’

Domestic market
The demand equation

P, +0, =500

rearranges to give
P, =500-0,

so the total revenue function for this market is
TR, = (500 — 0,10, = 5000, ~ ¢

Hence

For maximum profit
MR, =MC

50
500 — 20, = 20

which has solution @, = 240. The corresponding price is found by substituting this value
into the demand equation to get

Py =500 — 240 = $260
To maximise profit the firm should charge its domestic customers $260 per good.

Industrial market
The demand equation

2P, + 3Q, = 720
rearranges to give
P, = 360 — 10,

so the total revenue function for this market is

TR, = (360 ~ *10)0, = 3600 — 03
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S‘O
360~ 30, = 20

which h'as'spluti’on 0, = 340/3. The corresponding price is obtained by substituting this
value into the demand equation to get

Py =360~ —
: 2

2

2. :
[ 40) fil‘)(’)

To maximise profits the firm xhould charge its industrial customers $190 per good, which
is lower than the price charged to its leTleth customers.

(b) If there is no price discrimination then Pi=P,=P, say, and the demand functions for the
domestic and industrial markets become

P+0Q, =500
and
2P +30, =720

respectively. We can use these to deduce a single demand equation for the combined

market. We need to relate the price, P, of cach good to the total demand, 0'=0,%.0,.
This can be done by rearranging the given demand equations for Q; and Q, and. theni

adding. For the domestic market "g

0, =500-P
and for the industrial market
0, = 240 — P
Hence
O=0,+0,=740 - /P
The demand equation for the combined market is therefore
Q +°HP =740

The usual procedure for profit maximisation can now be applied. This demand equation
rearranges to give

P =d4dd - fs0
enabling the total revenue function to be written down as

( 3, 30
444 -2 Q |0 = 4440 - =
5% 5




324 CHAPTER 4 DIFFERENTIATION

Hence

MR :fi% = 444—%(_)
For maximum profit

MR =MC
50

444 So=20

LN

which has solution ¢ = 1060/3. The corresponding price is found by substituting this
value into the demand equation to get

P = 444—5(“’60) = $232°
sU73

To maximise profit without discriniination the firm needs to charge a uniform price of
$232 for each good. Notice that this price lies between the prices charged to its domestic
and industrial customers with discrimination.

To evaluate the profit under each policy we need to work out the total revenue and
subtract the total cost. In part (a) the firm sells 240 goods at $260 each in the domestic
market and sells 340/3 goods at $190 each in the industrial market, so the total revenue
received is

340 '
240 % 260 + Y x 190 = 883 933.33

The total number of goods produced is

f%,
240+ 20 100

3 3

50 the total cost is

160
S0000 420 % Jijﬂ* = $57 066.67

Therefore the profit with price discrimination is
83 933.33 - 57 0066.67 = 526 866.67

In part (b) the firm sells 1060/3 goods at $232 each, so total revenue is
~T 232 = $81973.33

Now the total number of goods produced under both pricing policies is the same: that is,
1060/3. Consequently, the total cost of production in part (b) must be the same as part
{a): that is,

TC =857 066.67
The profit without price discrimination is

81 973.33 — 57 066.67 = $24 506.060

As expected, the profits are higher with discrimination than without.
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Practice Problem

2. A firm has the possibility of charging different prices in its domestic and foreign markets.
The corresponding demand equations are given by
0, =300 - P,
0, =400 - 2P,
. The total cost function is

TC = 5000 + 1000
where,Q =0, + 0,

Detérmine the prices (in dollars) that the firm should charge to maximise profits
(a) with price'discrimination

{b) without price discrimination.

Compare the profits obtainédin pﬁrts (a) and (b).

In the previous example and in Practice Problem 2 we assumedthat the marginal costs were
the same in each market. The level of output that maximises profit with price discrimination
was found by equating marginal revenue to this common value of 1‘na1‘"gi‘na& cost. [t follows that
the marginal revenue must be the same in each market. In symbols -

MR, = MC and MR, = MC
S0
MR, = MR,

This fact is obvious on economic grounds. If it were not true then the firmt’s policy would be to
increase sales in the market where marginal revenue is higher and to decrease sales by the same
amount in the market where the marginal revenue is lower. The effect would be to increase
reveniue while keeping costs fixed, thereby raising profit. This property leads to an interesting
result connecting price, P, with elasticity of demand, E. In Section 4.5 we derived the formula

A
MRzP{‘w!MJ
\E

If we let the price elasticity of demand in two markets be denoted by E, and E, corresponding
to prices P, and P, then the equation

MR, = MR,

becomes

A [1 ‘E = Pz(] —“}“
& LA

This equation holds whenever a firm chooses its prices £, and #, to maximise profits in each
market. Note that if £, < £, then this equation can only be true if P, > P,. In other words, the
firm charges the higher price in the market with the lower elasticity of demand.
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Practice Problem

3. Calculate the price elasticity of demand at the point of maximum profit for each of the
demand functions given in Practice Problem 2 with price discrimination. Verify that the
firm charges the higher price in the market with the lower elasticity of demand.

The previous discussion concentrated on profit. We now turn our attention to average product
of lzbouir.and prove result (2) stated at the beginning of this section. This concept is defined by

where @ is output and L+ }abbur.The maximisation of AP, is a little more complicated than
before, since it is necessary to use the guotient rule to differentiate this function. In the notation
of Section 4.4 we write

u=0 and v=L

50

anan T e T T

where we have used the fact that the derivative of output with respect te-labour is the marginal
product of labour. LA
The quotient rule gives

dtAp,y  vde/dL —udv / dL
a e
_ LOMP) - 0()

P N

" Fé *‘\
MP.E - Q /L \, divide top andd (
- W potbemby £ p

"y defin
3 L YA PL . 5
/ 4 i

S

dAR)
df,
Hence
MPL;/_},]?L =0
L

as required.

This analysis shows that, at a stationary point of the average product of labour function, the
marginal product of labour equals the average product of labour. The above argument provides
a formal proof that this result is true for any average product of labour function. Figure 4.27
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Flgure 4.27
shows typical average and marginal product functions. Note that the two curves intersect at the
peak of the AP, curve. To the left of this-point the AP, function is increasing, so that

d(AP)
—_
di.

0

Now we have just seen that

d(AP,)  MP, - AP,
ar. L

s0 we deduce that, to the left of the maximum, MP, > AP,. In other words, 'in‘tlﬁ.is'region the
graph of marginal product of labour lies above that of average product of labour Simitarly, to
the right of the maximum, AP, is decreasing, so that ‘

d(AP,)

e ()

di

and hence MP, < AP,. The graph of marginal product of labour therefore lies below that of
average product of labour in this region.

We deduce that if the stationary point is a maximum then the MP; curve cuts the AP, curve
from above. A similar argument can be used for any average function. The particular case of the
average cost function is investigated in Question 6 in Exercise 4.7%,




DIFFERENTIATION

 Exercise 4.7
1A firm’s demand function is
Po=al + bla <0, b >0
Fixed costs are ¢ and variable costs per unit are d.
{a) Wrile down generabexpressions for TR and TC.

(b) By differentiating the expressions in part {a), deduce MR and MC.

Canswers fo (b} o show that profit, 7, is maximised when

{8) In Section 4.5 the following relationship between ‘marginal revenue, MR, and price
elasticity of demand. F;, was derived:

i
(E]

Use this result to show that at the poinl of maximun total revenue, E = 1.
{b) Verify the result of part (a} for the demand function

2P+ 30 = 60

The demand fanctions for a firm’s domestic and foreign markets are .

P, =20 =40,
and the total cost Funciion is
TC = 104100
where 0 = 0, + 0, Delermine the prices needed {o maximise profit
ta) with price disﬁ*iminétion
(by without price discrimination.
Compare the profits obtained in parts (é) and (b

Show that if the marginal cost curve cuts the marginal revenue curve from above then
profitisa minimum.

The economic order quantity, EOQ, 1s used in eost accounting to minimise the total cost;
TG, to order and carry a firmy's stock over the period of a year,
The annual costof placing orders, ACQ, is given by
(ARUYCO)
00

where

ARU = annual reqiired units

CO = cost per order
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The derivative of tr 1¢
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At the end of this.section you should be able to:

3

Differentiate the éxpo:nential”function
Differentiate the natural logarithm function,

&

F

Use the chain, product and quotient rules to differentiate combinations of these
functions.

&

Appreciate the use of the exponentiﬂ!‘funcﬁon in-economic modelling.

In this section we investigate the derived functions associated with the exponential and natural
logarithm functions, ¢ and In x. The approach that we adopt is similar to that used in Section
4,1. The derivative of a function determines the slope of the graph of a function. Consequently,
to discover how to differentiate an unfamiliar function we first produce an accurate sketch and
then measure the slopes of the tangents at selected points.

Advice

The functions, ¢ and In x were first introduced in Section 2.4, You might find it useful to
- remind yourself how these functions are defined before working through the rest of the
o current section.

Example

Complete the following table of function values and hence sketch a graph of f(x) ="
X ~2.8 -1.5 -1.0 0.0 0.5 1.0 1.5
flx)

Draw tangents 1o the graph at x =-1, 0 and 1. Hence estimate the values of f°(~1), £(0) and
F7(1). Suggest a general formula for the derived function f7(x).

Using a calculator we obtain
x -2.0 —1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
flx) (.14 0.22 0.37 0.61 .00 1.65 2.72 4.48
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Figure 4.28
The corresponding graph of the expanential function is sketched in Figure 4.28. From the

graph we see that the slopes of the tangents are

0,20

f) e 2z ()4
FeEb=05
0.50

) = = 1)
=35
135

O < B
F=s0

These results are obtained by measurement and so are quoted to only 1 decimal place. We
cannot really expect to achieve any greater accuracy using this approach.

The values of x, f{x) and f(x) are summarised in the following table. The values of f{x)
are rounded to 1 decimal place in order to compare with the graphical estimates of f(x).

X -1 0 1

fx) 0.4 1.0 2.7
Fx) 0.4 1.0 2.7

Notice that the values of f(x) and f'(x) are identical to within the accuracy quoted.
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These results suggest that the slope of the graph at each point is the same as the function
value at that point: that is, e* differentiates to itself. Symbolically,

If: f(\) =g then f’(x) ="
or, equivalently,

. , dy
if v=e' then —> =g’
dy

Practice P‘f@b!em

1. Use your calculator to' complete the following table of function values and hence sketch
an accurate graph of f(x) =In x; ‘
x 050 00 150 %200 250 300 350 400
fx) 041 1.25

Drraw the tangents to the graphatx=1,2 a‘nd"},Hence estimate the values of f7(1}, f(2) and
f'(3). Suggest a general formula for the derived function f(x).

[Hint: for the last part you may find it helpful to rewrite your estimates of f'(x) as simple
fractions.] A

In fact, it is possible to prove that, for any value of the constant m,

. . dy .
if y=e™ then ——=me™
dx

and

. dy
if y=Inmx then —=—
dv x

In particular, we see by setting m = | that

1

¢ differentiates to ¢

X

and that
. . i
Inx differentiates to —
X

which agree with our practical investigations.

Example
Differentiate

(a) _V - C!“

(b) y ey e“?,(‘
(€)y=1In5x (x>0

(Dy=m5350x x>0
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(a) Setting m = 2 in the general formula shows that

[

. 3 dy
if y=e* then o2
dx

Notice that when exponential functions are differentiated the power itself does not

change. All that happens is that the coefficient of x comes down to the [ront.

1 (b):Setting m = -7 in the general formula shows that

dy .
then —= = ~Jg ™
dx

T

A Sy

(c) Setting m = 5in'the general formula shows that

. Sy
if y=Insx then —=—
ax: X .
Notice the restriction x > 0 stated in the question. This is needed to ensure that we do not

attempt to take the logarithm of a negative number, which is impossible.
(d} Sctting m = 559 in the general formula shows that

. < Iy 1
if v=1In559x then ~2

dy o« ’
Notice that we get the same answer as part (c). The derivative of the natural logarithm
function does not depend on the coefficient of x. This fact may seeny rather strange but it
is easily accounted for. The third rule of logarithms shows that In 5595 the same as

In 559 + ln x

The first term is merely a constant, so differentiates to zero, and the second term differ-
entiates to 1/x.

Practice Problem
2. Differentiate

(@) y=c" by y=e™ (yy=3xx>0 () y=I51234x (x> 0)

The chain rule can be used to explain what happens to the n1 when differentiating ¢™. The
outer function is the exponential, which differentiates to itself, and the inner [unction is mx,
which differentiates to m. Hence, by the chain rule,

my

dy
then ~~ =e™ xm= ne
(AR Y

s

if y=e

Similarly, noting that the natural logarithm function differentiates to the reciprocal function,
. dy i i
if y=Inmx then -~ =-— xm=-
dv  omx X

The chain, product and quotient rules can be used to differentiate more complicated func-

tions involving ¢” and In x.
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Example

Differentiate

(a) y = vl (byy=1In{x*+2x+ 1) (cy y=- t’ -
Xt 42

“(d) The function x’¢™ involves the product of two simpler functions, x* and e*, so we need
to use the product rule to differentiate it. Putting

n=x" and v=e™

gives

dy dy du - - v -
e g gy [26"}+ e™ [S,VZJ = 2x'e? + 3%
dx dy dx g
There is a common factor of x'e™, which goes into the first term 2x times and into the

second term three times. Hence

(b) The expression In(x* + 2x + 1) can be regarded as a function of a function; so. we can use
the chain rule to differentiate it. We first differentiate the outer log function. to'get

Hence

is the quotient of the simpler functions

w=e" and v=x+72

for which
dit ! du
e = 3™ and o= 2y
dx dx

By the quotient rule

dn_d

dy Tde a2 —et @y eMBE )2y eNGx - 20+6)

dy ve (x% + 23 (2 +2) (2 + 27
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Practice Problem

3. Differentiate

@y=x"Inx
®yy=e"
Inx

c M
(‘)'\' X+2

Advice

If you ever need todifferentiate a function of the form:

In(an inner function involy

ing -pmducfs, Qucxtients or DdWél‘Si ofix)

then it is usually quicker to use the rules of logs to expand the expression before you begin.
The three rules are s

Rute 1 nNxxW=Inx+iny
Ruje 2 nx+=yY)=mx~iny
Rule 3 Nnx"=minx

The following exarnple shows how to apply this ‘trick’ in practice.

Example

Differentiate

(@) v = In(x(x + 15" (b) v= ]n(:ﬁﬁ—?)}

(a) From rule 1
In(x(x + 1% = In x + n(x + 1)*

which can be simplified further using rule 3 to give

y=Inx+4In(x+1)
Differentiation of this new expression is simple. We see immediately that

dy 1 4

dy  x  x+1

If desired the final answer can be put over a common denominator

P4 __(.r+]')+4x_ Sx+1
X N a+1 xx+h x{x+ 1)
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(b) The quickest way to differentiate

7

y= lni

]

Nix+5)
is to expand first to get
yo=ny—In{x+ 5" (rule2)

= {nx— % n(x+5  (rule3)

Again this expression is easy to differentiate:
de & 2xES)

If desired, this can be written as a single fraction:

Lt 2+S)-x xk10

¥ 2x(x ~r-5} .

X 2Ax+5) T2k +5)

Practice Problem

4. Differentiate the following functions by first expanding each expression using the rules of
togs: we

L o [ 3 }
@)y=hix’x+2Y) ((B)y= lnL 55
2x

[X3]

s

Exponential and natural logarithm functions provide good mathematical models in many
areas of economics and we conclude this chapter with some llustrative examples.

Example
A firm’s short-run production function is given by
€)= Lle4).l)lf.

Find the value of I that maximises the average product of labour.

The average product of labour is given by
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Step 1
At a stationary point
dL

To differentiate Le ™", we use the product rule. If

] !
u=L and y=e"

L then s

; ~f N T -
du : dy . differentiates
T and T ~U Oret f\“ 16 i &f?/‘
s St T
By the product rule
(AP, d 1 ’ .
dAR) _ v 9 mf“’“” +e M = (1~ 0.01L)e 00

dL dl dL
We know that a negative exponential is never equal to zero. (Although e '" gets ever closer
to zero as L increases, it never actually reaches it for hmte values of L.) Hence the only way
that ‘ :

(1 = 0.01L)e 0

can equal zero is when
1-001L=20

which has solution L = 100.

Step 2 :
To show that this is a maximum we need to differentiate a second time. To do this we apply‘
the product rule to

(1 —0.01L)e e
taking

u=1-001L and y=eg"0
for which

i dv
S 001 and S5 = 0016700
d dr

Hence

2 , 1
AR 0100167 ) 1 eV (.01) = (~0.02 + 0.0001L)e "
dr? dL " dL

Finally, putting L = 100} into this gives

LAB) _ 60037

The fact that this is negative shows that the stationary point, L = 100, is indeed a maximum.
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Practice Problem

5. The demand function of a good is given by

@ = 1000e"

If fixed costs are 100 and the variable costs are 2 per unit, show that the profit function is
given by

- = T000P - 20006 — 100

Find:-the price needed to maximise profit.

Example

A firm estimates that the total revenue received from the sale of Q goads is given by
TR = In(1 + 100002 e

Calculate the marginal revenue when Q = 10.

The marginal revenue function is obtained by differentiating the total revenue function. To
differentiate Inf1 + 10000%) we use the chain rule. We first differentiate the outer log function

to get
TG
1 (f’/ natural logs ";;\‘
et / ditfarentiate to i
1+ 100007 Swo reCipretEls. o
,"u“,_,-\,ﬁ_ i

and then multiply by the derivative of the inner function, 1 + 100007, to get 2000Q. Hence

Cd(TR) 20000

MR = s
do 1+10000>
AL O = 10,

200000 _

Practice Problem

6. Ifthe demand equation is

P=200-40(Q + 1)

calculate the price elasticity of demand when @ = 20
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Exercise 4.8
1. Write down the dervative of
©r=2e tde  (d)y=10e" =20 +7

2. 1L 8400018 saved in an account offering a return of 4% compounded continuously the
futiire value, 5, afterf years is given by

5 = 40000
(1) Calculate the value of S when
@i=5  (B)=501

and-hence estimate the rate-of growth atr'= 5. Round your answers 1o 2 decimal

places.

(2 Write down an expression for
after 5 vears.

and hence find the exact valic of the rate of growth

Writé down the derivative of

@)y =In35) (x> (b)Y y=ln(~130) (x < il

{Use the chain rule to differentiate
(@) y=ef (b)Y vy =In( + 3
Use:the productrale to-differentiate

(@ayy=uylet {(byy=uinx

{a)y

Find and classify the stationary poinis of
@y=xe’ byyv=lpr=x
Hence sketch their graphs,

Find the-output needed to maximise profit given that the total cost and total revenue
funchions are :

TC=20 and TR = 100h(Q + 1
respectively.
If 4 fir's production function is given by
0 =700Le
| find the value-of L that maximises output.
10: The dentand: function of a good s giveri by

P=100e

Show that demand is unit elastic when 0 = 10,
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Exercise 4.8%

1. Differentiate:

©5S yIny @alnv=1)

Wi

e e |
(i

B {h) - -
) (In b)) ' el

(g}

“ Use the rules of logarithms to expand each of the following functions, Hence wrile their
derivatives:

Lolpi Yo i
(@ v= lnL ;_+ J : (b)Y y = Il (Ba = 1) Cyy= Env

- i Ly : dy
The growth rate of an economic variable, . is defined to be ] eyl
: e d

Use this definition to find the growthirate of the variable, y = Aek,

Differentiate the following functions with respect to x, simplifying vour answers as far as
possible: ‘
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(&) Use the quotient rule to show that the derivative of the function

is given by
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(b} Use the chain rule to differentiate the function
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{c) Conhrm that vour answer to part {b) is correct by first expanding
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using the rules of logs and then differentiating.

Afirms shorl-run production function is given by
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8. Findan expression for the price elasticity of demand for each of the demand curves:

(@) P = 100e® (B P =500=75 120 + 1)

2. Find.an expression for the marginal revenue for ach of the lollowing denand curves:

by P =1 :
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