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Abstract

Let a be a positive irrational real number, and let Co(n) = ¥j<s<,({kat} — ), n > 1, where {x}
denotes the fractional part of x. We give an explicit formula for Cy () in terms of the simple continued
fraction for &, and use this formula to give simple proofs of several results of A. Ostrowski, G. H.
Hardy and J. E. Littlewood, and V. T. S6s. We also show that there exist positive constants d4 such
that if & = [ap,ay,az,...] and (1/1)¥1< j<;a; < A holds for infinitely many ¢, then Cq(x) > dglogx
and Cy(x) < —d4 logx each hold for infinitely many x.

1 Introduction

For real numbers f3, let us agree to write {3} for the fractional part of 3, that is, {8} = B — [B], where
[B] is the greatest integer less than or equal to f3.

For an irrational number o, 0 < o < 1, and for integers n > 1, we write

Caln)= ¥ ({ka} ).
1<k<n

There are a number of papers dealing with estimates of Cy(n) as a function of n. Most of the known
results are contained in two long 1922 papers by G. H. Hardy and J. E. Littlewood [2, 3], a long 1922
paper by A. Ostrowski [5], and a 1957 paper by Vera T. S6s [8]. Further references can be found in [6].

In the present note we give a simple and self-contained proof of a formula for C(n) which is more
explicit than those which have appeared before, namely in [5, 8]. We then use this formula to derive
several of the main results in [2, 3, 5] and the main result in [8]. It seems to us that our proofs are far
simpler than those given previously. In some cases they lead to improvements.

In addition, we extend one of the main results in [3,5]. Ostrowski and Hardy and Littlewood showed

independently that there exist positive constants ¢ and c4 with the following properties. If o is an
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arbitrarily positive irrational number, then the inequality |C,(x)| > clogx holds for infinitely many x. If
o ={ag,ai,as,...] and a; <A for all i, then C,(x) > calogx and C,(x) < —c4 logx each hold for infinitely
many x. (Hardy and Littlewood [3] call the proofs of these two results the most difficult in their paper.
They give no values for the constants ¢ and c4. Ostrowski gives ¢ > 71% and ¢4 > 1/8(A+1)%) We
show that there exist positive constants dy such that if a[ag,a1,as,...] and (1/5)¥<;<;a; <A holds
for infinitely many 7, then Cy(x) > dalogx and Cy (x) < —d4logx each hold for infinitely many x. (We
show that ds > 1/(7-64(A+1)*log(A+1)). Since c4 > da, this improves Ostrowski’s bound. We also

I
show that ¢ > 5=¢.)

2 Notation

Let o be a positive irrational real number, and let

1
o =ap+ — 1
ar+ ar+--

be the simple continued fraction for o, which we abbreviate as o = [ag,a;,az,...]. We write p,/q, =
[ao,a1,az,...,an] and dax = g O — pok, dok+1 = Pak+1 — G2k+10, k > 0. Then py = anpp—1 + pu—2,
Gn = @nGn—1 +qn-2,1 > 2, poi/qok < & < pous1/qout1, k> 0,and 0 < dy < 1/gpi1,n > 0.

3 A formula for Cy(n)

Throughout this section, o is a fixed irrational number, 0 < o < 1, @ = [a9,da1,4a2,...]. Let us use the
notation

Sa(n) = Z [ka], n>1.
1<k<n

Lemma 1. If 1 <k < gq,, then [kat] = [k(pn/qn)]- Also, [qn0] = pn, n even, [¢,&] = p, — 1, n odd.
Proof. This follows from d, < 1/¢,1. O

Lemma 2. Forn>1,

Sa(qn) = 5 (PnGn — qn+pn+(=1)"),

el N A

Ca(%z) = 5(_1)n(dn(ql1+ 1) - 1)'

Proof. The second part follows from the first using [3] + {8} = B and the definition of d,,. To prove the
first part, observe that since (p,,q,) = 1, kp, runs through all the non-zero residue classes modulo g,

P r gn—1
y {k"}: y =021
1<k<gy,—1 L 4n 1<r<gy—19n

kp”}: y (k”"—{k”})z(m’_l)z(q"_l)-

13k3qn—1{ n 1<k<gn—1 \ 4n 4n

therefore

hence



Now apply Lemma 1. O

Lemma3. Ifn>1, g, <N<qui1, N=bq,+k 1 <k<gqy, then[Na] = bp,+ [ka]. If N = bq,, then
[Na) =bp,— lifnisodd, [Na) = bp, if nis even.

Proof. Assume N = bg, +k, 1 <k < g,. Let L = [k(pn/qn)]- Then L+ 1/g, < k(pn/qn) < L+ (g0 —

1)/gn. If nis even, then 0 < (bgn + k) (&t — pu/Gn) < gn+1/dn+19n = Gn, 0r 0 < NQ —bpy —k(pn/qn) <
1/g,. Adding to the second preceding inequality gives L < Not — bp, < L+ 1, hence [Na] = bp,+ L =
bpy +[k(pn/qn)] = bp, + [ka]. (For the last equality we used Lemma 1.)

If n is odd the calculation is similar. The second statement of the lemma is easy. (Actually, even
more is true, namely if 0 < ¢ < g,+1, then [(g+ gn) ] = p, + [gt]; see [1].) O

Lemmad. (a) Letn>1, g, <bgy+m < guy1, 1 <m < gy. Then
Sa(bgn +m) = Sa(bgn) + Sa(m) +mbp,.
(b) Letn > 1, q, < bgy < gus1. Then

1
Sa (bqn) = Eb(anQn —qn+Dpn+ (_l)n)-

Proof.  (a)

Sa(bgn +m) Y [ka] =Sa(bgn) + Y, [(bgn+k)a]

1<k<bgn+m 1<k<m

Salban)+ Y, (bpa+[kal).

1<k<m

(b) For b =1, Lemma 2 applies. Now induction using part (a) does the rest.

O
LemmaSs. (a) Letn>1, g, <bg,+m< qny1, 1 <m< gy, Then
Ca(bgn +m) = Cy(bgn) + Co(m) +mb(q,0 — py).
(b) Letn > 1, g, < bq, < gu+1. Then
1 n
Ca(bgn) = 5(_1) b(dn(bgn+1) —1).
Proof. These follow from Lemma 4. O

Theorem 1. For any m > 1, let m = z;q;—1 + - - - + 2091 + 2190, Where
1. 0<z1<a;—1,
2.0<z<a,2<i<y,

3. Ifzi=ajthenzi_1=0,2<i<t.



(This is the so-called “Zeckendorff representation of m.” To find it, subtract the largest possible q; from

m and repeat.)

(a)
1 i
Sa(m) = 5 Y zGpicigici—gioi+pia+ (=) + Y zzigioipior
1< 1<i<y<t
(b)
1 .
Co(m) = 5 (zilgi10 = pic)@igici + D+ (=1)'z)+ Y, zizjgi-1(gj—100— pj_1).
1<t 1<i<j<t
(c)

Ca(m) =), (=1)'z; (;— 1 <m11+;zj'61j1+;)>7

1<j<t

where m; = Y| <i<;Ziqi—1, mo = 0.

Proof. Part (a) follows from Lemma 4 by induction on ¢. Part (b) then follows from part (a) (or from

Lemma 5 and induction). Part (c) is a rearrangement of part (b). O

4 A Bound for maxo«<g, |Ca(m)|

Theorem 2. Fort > 1,

1 1

— (aj—1) < max |Ce(m)| < = aj.

32 1531‘ 0<m<q; 2 15’3:

Proof. Letm =Y < <;2;qj1. Since 0 <mj_y + 3zjq;—1+ % < gjand 0 < d;_; < 1/q;, Theorem 1(c)
gives |Cq (m)| < %Zlg;gzzj < %Zlg;gzaj-

For the other side, define M =Y, < j<,z;q;-1 by z; = [a;/2] if jis odd, z; = 0 if jis even. Thenm; <
Yici<i(@i/2)gi1 < (g;—1)/2,50if jisodd, mj_1 +3z;q;-1+ 5 =mj2+3[a;/2lq;—1 +5 < 5(qj—1 —
1+ 3ajqj-1+1) = 3(2qj—2+a;qj-1) = 3(q;+ qj-2) < 34;. therefore Co(M1) < =¥ 0aa2j(3 —3) =
—%Zjoddzj- < _%Zjodd(aj —1). Define My = ¥ 1<<;2jqj—1 by z; = [a;/2] if j is even, z; = 0 if
j is odd; then a similar calculation gives Cq(M2) > & ¥jeven(@j — 1). Thus Cq (M) — Co(My) >

%Zlgjgt(aj — 1), therefore iZISjSt(aj — 1) < maxXo<meg, |Co(m)]. O

5 Known Asymptotic Bounds and Inequalities for Cy(n)

The following facts are known, but the proofs we give are simpler (and shorter) than those given before.
In some cases our results are slight improvements. We use the notation & = [0,ay,az,...] for each «,
O<oa<l.

Fact 1. (Sierpenski [7]). For every o, Cy(n) = o(n).



Proof. Given a = [0,ay,az,...] and € > 0, choose 7 so that (v/2)~"=1) < ¢, and let P = a; +--- + a,.
Choose s > n so that P/q, < €. Form > g5, letm = Y.< j<;412jq;j1; thent > s and ;41 > 1. Then

1 1 1P 1 i Zj
Deami< Ly <121 Loti<jsi+1%)
m 2m 1<j<t 2q 22n+1§j§t+1 2jqj-1
1 1 i Zj
lepl Lmaggnsy

2 2(V2) ' Yapicj<ii1 3
(Here we used g, > (v/2)""1) O

Fact 2. (Lerch (without proof) [4], Hardy and Littlewood [ ], and Ostrowski [5] have this result under
the stronger hypothesis that a; < A for all i.) If @ = [0,ay,az,...] and (1/t) ¥ < j<;a; < A for all i, then
Cq(n) = O(logn). In fact,

logv/5 1 1++/5
1 ——]A >2, wh = .
|Co(n)| < Slogt ogn <210g1’ 2) ; n>?2, where t 5
Consequently, |Cq(n)| < 3Alogn, n> 1, and for every € > O there is Ny such that |Cq (n)| < (1/(2log7) +

€)Alogn, n > Ny. In particular, |Cy(n)| < (1.04)Alogn, n > Np.
Proof. Let
n+1
P 7 >
T, .
On

Then Qo= Q1 =1, Qi1 = Qp+Qn_1,and Q; = (1//5) (7 = (=1/7)*1) > (1//5) (7" —1). Since
|Calgs)| < % we can assume without loss of generality that ¢; < n < ¢;1. Then v/5n > /5¢, +1 >
V50, 4+ 1> 7 sot+1 < (log/5 +logn)/logt, 4t < 1(log/5/logt — 1) +logn/(2logt). Since
|Ca(n)| < 5 ¥1<j<raj < 3tA, the result follows. O

Fact 3. If f(n) = o(n), then there exists o such that

lim sup
n—oo

Proof. Assume that f(n) > 0 for all n. Suppose aj,...,q, have already been chosen. Choose M so that
F(x)/x<1/64(t+1)g;, x > M. Let P=max{f(x): 1 <x < M}. Choose a;1 > 3 so that i(a,ﬂ —-1)>
(t + 1)P. Finally, choose x, 0 < x < ¢y+1, so that %(014_1 -1 < %Xlggtﬁ(aj —1) < |Cq(x)]. If

1 <x< M, then
|Ca(x)] _ (ar1—1)
f(x) 32P

> (t+1).
IfM < x < g4, then

[Cal)] _ [Ca)] x _ (ar1-1)

f() x  flx) 32¢:11 "04(r +1)g > 1+1,

since 2(a;+1 — 1)gr > (a1 + 1)gr > Gr+1. O



Fact4. IfA > 2 and f(n) = o(logn), then there exists & = [0,a1,az,...] with a; < A for all i and

Ca(n) ‘ .
fn)

limsup
n—oo

In fact, this is true for every a such that a; < A for all i and Y1 <;<; a; > ct infinitely often, for some fixed
c> 1

Proof. Assume that f(n) > 0 for all n. Fix L > 1. Choose M so that f(x)/logx < (c—1)/32Llog(A+1),
x>M. Let P=max{f(x): 1 <x < M}. Choose t so that 3%213@(‘1]‘ -1)> %(c— 1)t > LP. Choose
x,0 <x < gy, 80 |Co(x)] > 55 Li<ici(aj— 1) > LP. If 1 <x < M then

Ca(®)]  [Cal)]
fo) =P

If M < x < g, then

|Co(x)] _ |Co(x)] logx S (c—1)t ‘ 32Llog(A+1)
fx) logx f(x) =~ 32logg; (c—1) ’

where the last inequality holds since gy < Ags +¢gs—1 < (A+ 1)gs, so logg, < tlog(A+1). O

6 New Results

Theorem 3. Let o = [ag,ay,az,...].

(a) If Yicicraj > (14 %)t infinitely often, then the inequality |Co(x)| > 2;—610g)c holds for infinitely

many Xx.

(b) If Li<icia; < (14 1)t infinitely often, then Cq(x) > 5 logx and Cy(x) < — 3¢ logx each hold for

infinitely many x.
Lemma 6. ( [5]). For eacht > 1, ¥ 1<;<,a; > logg,.
Proof of Lemma. q; < (a;+1)gr—1--- < (a;+1)--- (a2 + 1) (a1 + 1) < e%---e®2e". O

Proof of Theorem. ~ (a) For t such that ¥ <;,a; < (1+ %)t, apply Theorem 2 to get x, 0 < x < ¢,
with |Co(x)| > 55 Xi<j<i(aj— 1) > 35(2/7). By the Lemma, either ¥ ;<,(a; — 1) < glogg; or
t > Zlogg; in either case we get |Cq (x)| > (1/(8-32))logx.

(b) Fortsuchthat ¥ < <, a; < (1+7)t,let G={j:6j+1<1,a6; = ae;+1 = 1}. Since the number of
aj>1amongayi,...,a, is at most [t /7], it follows that |G| > 6t /7. Letx =Y. jc; 6. Note that 0 <
x < g, so that %t > Yi<i<iaj > logg; > logx. According to Theorem 1(c), Cq(x) = —ZjeG(% —
dej(mej + %‘161"*' %)) To estimate dgjmej, we use do; < 1/qej+1, Mej < g6+ q12+ -+ + G j+1
(since g5 < 2qy+2), g12 < (1/8772)ggj41. etc., to get
1 1 1 1

1 1
d6jm6j<§+§+'“+ﬁz?_7'ﬁ-



Next, for j € G we have gej/q6j+1 = (q6j—1 + g6j—2)/(2q6j—1 + qsj—2) < % Finally, ds; <
1/gej+1 < 1/8/. Therefore

1 1 1 1 1 1 1
Ca(x)<_z<_<_‘»_++',>>
2\27\7 78372y
1 I 1 1
()
2\27\773 42
Since |G| > 61/7 and 8¢/7 > logx, this gives Cq (x) < — 3¢ logx.

The proof that Cy(x) > % log x for infinity many x is essentially the same. O

Theorem 4. Let A be a positive constant. Then there exists a positive constant da such that if o =
[0,a1,as,...] is any irrational such that ¥y <;<, a; < At for infinitely many t, then each of Co(x) > dplogx
and Cy(x) < —dalogx holds for infinitely many x.

Proof. We show that Cy(x) < —d4logx holds infinitely often. The proof of the other inequality is
essentially the same. Our method is similar to the proof of Fact 5.

First, choose L so that 1/(2F —1) < %-(1/(4A+2)). Lett >4Landt > 12A, with ¥y ;<,a; < At.

From among the even terms ay,ay, . ..,dy,. .. with 2k < 1, choose u = [t/4] terms each less than or
equal to 4A. From among these u terms choose the Lth, (2L)th, ..., (wL)th successive terms, where
w = [t/4L]. Let us call these w terms a;,,...,a;,.

Thena;,...,a;, have the following properties.

1. jriseven, 1 <k <w.
2. aj, <4A,1<j<w.
3a<-<jwand i1 —jr 2 2L, 1 <k<w-—1.

Now letx=gj, ++-+gqj,. (Then x < g;.) We will show using Theorem 1(c) (as in the proof of Fact
5) that Co (x) < —dt for some constant d depending only on A. Then since logx <loggq, < Yj<;<,a; <At,
we will have Cy(x) < —(d/A)logx, and we can take dy = d/A.

To apply Theorem 1(c), since the ji’s are even we have Cq (x) = — ¥ <1< (3 — dj (mj, + 3qj, + 3)).

Since dj, < 1/qj+1,mj, =qj, ++ - +qj,_,»and g;, > 2La;,, etc. (since j, — j; > 2L), we get

1 1 1 1 1
Next, we use the (easily verified) fact that if agy | > 2 then g5/ g1 < % andif a;1 ] = 1then g;/gsr1 <

1—1/(a;+2). Since a;, <4A (and J < 1 —1/(44+2)),d},q), < qj./qj+1 <1 —1/(4A+2).
Finally, d;, < 1/qj,+1 < 1/2* . Putting all these together gives

11 1 1 1 11
Calx) < — S - Y S T S P
a(¥) < 1<;<W<2 A1 < z(kl)L) 2( 4A+2> 22kL)

<-Y <1< ! >— ! ><—w-1- L« _a
L= \2\4a+2) 2L—1 4 4A+2 ’




since w = [t /4L] and L depends only on A. This completes the proof. O
By tracing back through the choice of L, one can see that d4 > 1/(7-64(A+1)*1log(A +1)).
Theorem 5. Ler a = [0,a;,az,...].
(a) Ifliminf, eo(1/t) Y1<j<;aj =1, then Cq(x) > % logx, Cy(x) < —%logx hold infinitely often.

(b) If liminf, o (1/1) ¥Y1<j<saj < oo, then Cy(x) > dlogx, Cq(x) < —dlogx hold infinitely often, for
some d > 0.

(c) Ifliminf,oo(1/t) Y.< j<; aj = oo, then such a d may fail to exist. (See the theorem of Vera T. S6s
below.) However, for every € > 0, |Cq(x)| > (31—2 — &) logx holds infinitely often.

Proof. Part (a) follows from Theorem 3(b). Part (b) follows from Theorem 4. Part (c) is proved in the

same way as Theorem 3(a). O

7 The Vera T. Sos Theorem

Our final application of Theorem 1(c) will be a simplified proof of the following result of Vera T. Sés [8],

which answered a question of Ostrowski [5].

Fact 5. Let o = [0,ay,az,...], where azpr1 = 1, az, = n% n > 0. Then there exists a constant C such
that Cy(n) > C for alln > 1.

(In S6s’s paper, the a;’s are indexed differently, and n> appears rather than n?.)
Lemma 1. Fork > 1, $(qax—2/qu—1 +dox/dax—1 — 2) < kK*(5 — dag—19ok—1 (1 + 5k2)) < 0.
PVOOf USing ds+] < dsw qs < gs+1, q.erlds + q.yds+l = 1’ and 92k = kquk—l + qok—2, we get

1 d _ d
92k 2k :k2+‘]2k 2+ 2k

= + <K +2,
Ay 1921 Gok-1 dog1 Q-1 du1

50 doi—1qou—1 (1 + 3k*) > (1+ 1k?)/(k* +2) = 1, which gives the right-hand inequality. Next,

1 1
0> = —dyu—192—1 (1 + 2k2>

2
1 1+ 3k
T o 2 du dyy
k= + 92%—1 + dy—1
22 dyy
_ Gor—1  da—i 2
2 k-2 4 dy
2 (k + Q21 + de—l)
=) dy
> 92%—1 + dyj_1 2
2k? ’
which gives the left-hand inequality. O

Lemma 2. Fork >2, gy—2/qox—1 > 1—1/(k— 1)2. Fork > 1, doy[dop—1 > dorgor > 1 —2/k2.



Proof. Fork > 2,

_ _ _ _ 1
92k—2 _ 92k—2 -1 92k-3 SpoPk3 g .
Pk-1 Q-2+ k-3 Q%2+ G2k-3 q2k—2 (k—1)
Fork > 1,
oy
7 > dorgok
k-1
_ 1
T oquar | dosl
92k + dy
_ 1
- 14 921y dopy 1
92 doy
> _ > 1 2
1 1 T2
1+ 2 + W k
(Here we used g = k*qa—1 + qak—2 and dog = (k+ 1) dors1 + dog2.) O

Proof of Fact 5. Letm =Y < i<,;z;q—1 be the Zeckendorff representation of m. Then

Co(m)="Y, (—1)’2/(l —dj_1(mj_ +1 1)) = Do(m) — D1(m),

zjqj—1+
1<t 2 2 2
where | 1 1
Do(m) =}, 25 = do—1 (mog—t + 52204261 + 5)),
1<2k<t
1 1 1
Di(m) = Z sz+1(§ — do (moy + 22192 + 5)),
1<2k+1<t

We wish to find constants A and B such that Do(m) > A, D;(m) > B, m > 1, so that Co(m) > A — B,
m> 1.

Since my;_1 < g1, we have

1 1
Do(m) > Z 21(5 — dok—1(q2k—1 + 5 22492%-1))

1<t 2 2
1 1
=Y Z2k(§ —doy—192%—1 (1 + EZZk))'
1<2k<t

Using zox < ay = k? and part of Lemma 1, this gives Do(m) > Yi<ok<t kz(% —dy_1qo—1 (1 + %kz)).
The other part of Lemma 1, followed by Lemma 2, now gives

o (qu—2 | d > 1 (6]0 d > o < 2>
- —2 > - += =
2 Z <6]2k L 2 di kz’l (k=12 &2

[
>



Next, first omitting some negative terms from D (m) gives

1 1
Di(m)< ) sz+1(§ - §d2k22k+1512k)-
1<2kT 1<t

Using Lemma 2 gives

N =

Di(m) < zz1(1 —doz190) +

N —

2
Z 2k+1 (1 — 22k+1 <1 - k2>>
3<2Ut 1<t

1 1 &2
< =z1(1 —dyz - — =B.
< 2Z1( 0z190) + Zk;l 2
(For the last inequality, we used 0 < zpp41 < appy1 = 1.) O
Acknowledgement. The authors are grateful to the referee for Refs. [2, 3, 5, 8], and for the statement

of Theorem 1(c) and the statement and proof of Theorem 2, which simplifies so many of the subsequent

proofs. Indeed, without theorem 2 it is possible that Theorems 3, 4 and 5 would never have been noticed.
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