1. (15 points)

(a) Find an equation & = f(z) for a flow on the line such that there are precisely
three points: an unstable fixed point at £ = —2, a stable fixed point at z = 0,
and an unstable fixed point at x = 3. Justify your answer. '

(b) Consider the following two flows on the line:

z r—1 ' ()

and

P = . | 2
&= (2)
For each of the two equations, sketch the vector field on the real line, identify the

fixed point(s) and classify their stability, and describe the behaviour in time of
the solutions. '

Parts ¢) and d) are on the next page.
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(¢) Find an equation & = f(6) for a flow on the circle such that there are exactly
two fixed points: a stable {ixed point at § = —m/2 and an unstable fixed point at
f = 7 /2. Justify your answer. '

(d) Find an equation of the form @ = f(f,u) for a flow on the circle so that all
solutions are oscillatory for g > 0, and the period of oscillation blows up like
w2 as u — 07, Describe briefly the bottleneck phenomenon that occurs as
w—Or.
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2. (10 points) Consider the equaﬁi_on o
& = z(z = ’1)“(-1 —r+2?).
Find all the fixed points as functions of r. Determine any value(s) of
r at which a bifurcation occurs, and classify the type(s) of bifurcation.

Sketch the bifurcation diagram.
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3. (15 points) Consider the linear system
T =Qqr—1y
y=z+y,
where « is a real parameter.

(a) Classify the fixed point at the origin for all real values of the
parameter . '

(b) Consider the case @ = —2. Calculate the eigenvalues and eigendi-
rections and sketch the phase portrait. Explain the behaviour of
the solutions as ¢ approaches oo and —oo, respectively.

Parts ¢) and d) are on the next page.
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(c) Consider the case a = 1. Calculate the eigenvalues and eigendi-
rections and sketch the phase portrait. Explain the behaviour of
the solutions as ¢t approaches oo and —oc, respectively.

(d) Consider the case v = —1. Sketch the phase portrait. Explain
the behaviour of the solutions.
Hint for d). This is a degenerate case that needs to be
treated carefully. Try to find a conserved quantity E(z,y) (that

is, E(z(t), y(t)) = const. along trajectories).
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