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Preliminaries
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Definition. Weighing Matrix
A v x v (—1,0,1)-matrix W such that

WW?* = kl,.

Write W(v, k).

e W(v,v) is a Hadamard matrix

e W(v,v —1)is a conference matrix
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o A W(19,9):

o+tooco+to++ | ftooco+o | | o
ococo++oco+ | too+t++oco | o |
co+tococo+ | ++totococo+to | |
co+t+o++ | foocoto | |lofoco
o+foco+ | foo++oco | o | co+
coco+ | ++o4tooco+o | |o+to
o++ | fooco+4o | | otocoo+o
o+ | foo++4oco |o | coot++4oo
o | ++o+tococo+t+o | |otooco+
+tooco+4o | oo | + | otooco
+oo+t++toco |o| | oo+ | ocooco
4o tooco+to | | o | + | coococo
+o+4o | |lofoco | otocooco | +
+4toco o | coto+ | oo | o
+oo+o | oo+ | coococo+to |
+ | lotooco toocococo | + o+
+ | o |l coo+t++oocococo | +too+ |
4o | |lotoocotooco+to | + | o
ocococococococococo+++++++++
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o Verify W is a weighing matrix:
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Definition: Balanced Incomplete Block Design

@ A binary v x b (0,1)-matrix A such that:
Q AA* =1, + \(J, — 1,), and
Q JA=KkKJ,.

Write 2-(v, k, \)-design.

@ The design is symmetric if v = b (equiv. k =r).
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e A symmetric 2-(19,9, 4)-design:

Or—1000-HOH "= 1000 —HO——HO
OO0O—HHHOO—"——1OO—H—OO—O
OOrHOOO—HA"A"1—1O—HOOO—HO
OCOrHOHAHHHOOOHO—="—HO—HOO
Or—1O0O0OA—H—HOOA"A—HOO—HO—HOO
OCOO0OHAHAHHO—HOOOHO——HO—HO
OrAdArd11O00O0HOA+HO—-HOOO—HO
OrArdr—1 00 —H—HOOHOHOOHA—HOO
OrArA O 1000 —HOHA—HO—HOOO™
—HHOOOHOHHOO—HAHA—HO—-HOOO
—HOOHAHOOHOA"—HOO—A—HOOO
—HOHOOO—O—A—HHOHA—A—OO0O0OO
—HOr1OHAHO1OOHO—HOOOO
—HrHOOHOHOOHOHAHOOO O
—HOOHO—H1O—HOHA—OOOO—HO ™
A HOHOOO—HOOOOO—"A+—O
HrHOHOO—H100O0OOO—H—HOO
—HO—"A—HOHOOOHOOO—HO O
OCOOOOOOCOCOO T rdrdrdrdrd
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@ Verify A is a symmetric design:

TIITIIIIIISIIISIIISST O
TIITIIIIIIIIIISISTTOS
SYTTTIIIISISISISISISITOSTS
TSI TIIIIIISIIIITOSITS
T IIIIIISIIIYOSTI S
TIITIIIIIIITITOSTTIIS S
SYTTTIIIISISTTOSITITITISTS
TSI TIIIIIITOIISTTIISS
IO IITTISS
T IIITITOSTIIIITISS
ST TTIITOSIIISISISIISTS
TSI TIITOTIIIIISTIISS
T TTOTIITIIITITSS
T TOIIIITIIIITISS
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o Verify A is a symmetric design:
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Definition. Balanced Weighing Matrices

o If Wisa W(v, k), then W is balanced if |W| is the incidence matrix
of a symmetric 2-(v, k, A)-design, A = k(k —1)/(v — 1).
o Write BW(v, k).
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@ Our example W(19,9) is a BW(19,9):

o+tooco+to++ | ftooco+o | | o
ococo++oco+ | too+t++oco | o |
co+tococo+ | ++totococo+to | |
co+t+o++ | foocoto | |lofoco
o+foco+ | foo++oco | o | co+
coco+ | ++o4tooco+o | |o+to
o++ | fooco+4o | | otocoo+o
o+ | foo++4oco |o | coot++4oo
o | ++o+tococo+t+o | |otooco+
+tooco+4o | oo | + | otooco
+oo+t++toco |o| | oo+ | ocooco
4o tooco+to | | o | + | coococo
+o+4o | |lofoco | otocooco | +
+4toco o | coto+ | oo | o
+oo+o | oo+ | coococo+to |
+ | lotooco toocococo | + o+
+ | o |l coo+t++oocococo | +too+ |
4o | |lotoocotooco+to | + | o
ocococococococococo+++++++++
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@ The “classical” parameters from relative difference sets.

e The BW(19,9) W is not constructable from a relative difference set.
Computationally found by Gibbons and Mathon (1987).
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@ Previous state of the art:

Theorem. RDS construction of BWs
There is a BW with parameters

qd+1—1 qd
qg—1"~

whenever (1) g odd and d arbitrary and (2) g and d even.

(1) Nonlinear hyperplanes of GF(q9*!) : GF(q) due to Bose (1942).

(2) Lifting of a "Waterloo decomposition” of classical difference sets due
to Arasu, et al. (1995).
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Novel Construction of
Weighing Matrices
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Equivalencies of weighing matrices (and BWs):
» permutations of rows

permutations of columns

> negation of rows

» negation of columns

v

Every weighing matrix is equivalent to one of the following form

(@ o)

R is the residual-part.
D is the derived-part.
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@ Our example BW(19,9):

otooco+o++ | [Hooco+o | | o
coo+too+ | tpo++oo | o |
cofooco+ | +ttotoocoto | |
co+to++ | foopto | |otoo
ot+oco+ | oo+ Hoco | o | oo+

coco+ | ++totopoto | |o+o
o++ | tooco+o|| |lotooco+fo
o+ | foo++4oo||lo | ocoo++oo
o | t+t+totooco+ | lotooco+
+t+tooco+to | |o | + 1 otooco
+oco++4oco |o ||| oo+ | coco
+ofooco+o | |Ho | + | coococo
+o+to | |1 otoo|lotoococo | +
+t+oo |o |cot+p+ |ooco | o
+oco+o | |lo+to+ | coocooco+o |
+ | lotoocotopooco | + |o+
+ o |lco++oopoo | oo+ |
+o | |lotoocot+tpoco+t+o | + | o

coococococococool+++++++++
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Definition. Simplex code
@ g a prime power and d > 0.
@ Form matrix G with columns given by reps. of 1-D subspaces of
GF(qd"’l) ]
@ The simplex code is Sg g = row(G).

Proposition. Hamming weight
wt(x) = q9 for all x € S;.4/{0}.
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@ Ingredients of construction:

> A normalized W(v, q) (seed matrix) with residual-part R and
derived-part D.

> A W((q?* ~1)/(q—1),q9), say W.

> A simplex code S; 4.
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@ Recipie of construction:
» Form A=W Q R.
» Form B by replacing elements of S, 4 by rows of D.

» Then
0 A
1 B

is a W((v - 1)(q%*! = 1)/(q — 1) + 1,¢%*).
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Theorem. (Kharaghani, et al., 2022b)

If there is a W(v, q), then there is a weighing matrix with parameters

(LB ) o)

g—1
whenever:

(1) g is odd and every d > 0, and
(2) g and d are both even.
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Seed (v, k)  Succident (v/, k) Seed (v, k)  Succident (v/, k)
(6,5):  (31,25), (156, 125), (781, 625) (16,3):  (69,9), (196, 27), (601, 81)
(8,5): (43,25), (218, 125) (16,5):  (91,25), (466, 125)
(8,7):  (57,49), (400, 343) (16,7):  (121,49), (856,343)

(10,5):  (55,25), (280, 125) (16,9):  (151,81)
(10,9):  (91,81), (820,729) (16,11):  (181,121)
(12,5):  (67,25), (342,125) (16,13):  (211,169)
(12,7):  (89,49), (628, 343) (18,13): (239, 169)
(12,9):  (111,81) (19,9):  (181,81)
(13,9):  (121,81) (20,7): (153, 49)
(14,9):  (131,81) (20,13):  (267,169)
(14,13):  (183,169)
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A New Class of BWs
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@ Our example BW(19,9):

otooco+o++ | [Hooco+o | | o
coo+too+ | tpo++oo | o |
cofooco+ | +ttotoocoto | |
co+to++ | foopto | |otoo
ot+oco+ | oo+ Hoco | o | oo+

coco+ | ++totopoto | |o+o
o++ | tooco+o|| |lotooco+fo
o+ | foo++4oo||lo | ocoo++oo
o | t+t+totooco+ | lotooco+
+t+tooco+to | |o | + 1 otooco
+oco++4oco |o ||| oo+ | coco
+ofooco+o | |Ho | + | coococo
+o+to | |1 otoo|lotoococo | +
+t+oo |o |cot+p+ |ooco | o
+oco+o | |lo+to+ | coocooco+o |
+ | lotoocotopooco | + |o+
+ o |lco++oopoo | oo+ |
+o | |lotoocot+tpoco+t+o | + | o

coococococococool+++++++++
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+o | + | otoocoloco+to | | o
+ | oo+ | coopo++too | o |
++o | + |l cococop toco+o | |

+ |lofocococo | fpo4+o | |lotoo
+o+ |ooco | foHtoo |o |oco+
++ |l ccoco+o |[po+to | |o+to
t+oococo | + |o+|l |lotococo+o
+ooco | oo+ |||lo |oco++4oco
‘+ooco+o | + lop | |otooco+
co+++o+too | | + | ot+ococo

o++4+oco++4o | ol oo+ | ocooco
oto+++o | coHo | + | coocooco
ot+o+oo |o++||lofocococo | +
co++4o |o++op+ |oco | o
o++4+o |cot+o+H+ | cocoocofo |
coo |ot++tot+tpooco | + |o+
co |ot++oo+t++poo | oo+ |
o |cotot+tt+topoo+to |+ o

coococococococooHt++++++++
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@ Let G be a finite group not containing the symbol 0.
@ For AC G, identify A=} g in Z[G].
o For A € Z[G], write Alh) = > gcG azg".
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o Let © be a v x v (0, G)-matrix.
o We interpret © as a matrix over Z[G].

o Define ©(") by @EJ-h).
o Write ©* = (0(-1)t,
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Definition. Balanced generalized weighing matrices
e G a finite group of order n.
@ Av xv (0,G)-matrix © isa BGW(v, k, \; G) if

00" = (k- &)l + %(J ).

Theorem. Classical BGWs
@ Let g be a prime power and d > 0 an integer.

@ For each g and d there is a BGW with parameters
d+1
g -1 _
( ,q%,q% — q° 1>
g—1

over Cy_1.

T. Pender (SFU) Balanced Weighing Matrices 10/10/2023

33/40



e A BGW(10,9,8; C4):

a 01 a a a

33

1

a 01 a a

33

1

a 01 a

3

1

833

1

1 a3

a
0 a a2 22221 a1 4

1

d 32 32 32

32

a

1
a a’ a® @

a 32 32 32

a2 0

32

1
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@ Decomposition matrices:

a

a 01 a

33

1

a

a 01 a

23

1

a 01 a

33

1

1

a 82 32 32

0

1
a a a® &

0 a a2 a2 a2

32

32

1
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@ Decomposition matrices:

1
1
1

1 0 0 1 1
0 01 0 0 1
1
0 0 0 O
1

0
0

1 0 O
0 1
0 0 O

0

0 01 0 O
1 0 01 0O

0 0001 0O

1
0

0

1
0 0 1

0 0 0 01

1 0 000 1 00
0 0 01 00 0O
1
0

0

1

0 0 0 01

1
0 001 0 0 0O

0 0 O

1
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o Let © be a BGW with parameters

over the aroup Gy = (a: a* =1).

@ Decompose © as
©=0;+a0,+ 2’0, + a°0 3,

where the ©;s are disjoint (0, 1)-matrices.
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o Apply Ri — —Ro— —Ry — Ro — Ry
@ Form:

ORI =01 ORI +0,9R?+0,®R* +0,:5® R
=01R -0, -0 23R +03 R

e Form D by substituting for the elements of Sg 4 the rows of the
derived part of Wig.
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@ The matrix
0 O R
1 D
is a balanced weighing matrix.

Theorem. (Kharaghani, et al., 2022a)

For every d > 0, there is a balanced weighing matrix with parameters

(9d+2 -9

19d+1 ]
s b

@ These are signings of some of the lonin-type symmetric designs
(lonin, 2001).
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