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Hadamard Matrices

Definition: Hadmard Matrix

@ A square matrix with entries from {—1,1} with pairwise orthogonal
rows.

e Equiv. HH' = nl,, with H an n x n (=1, 1)-matrix of order n.
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Hadamard Matrices
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@ a Hadamard matrix of order 16
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Hadamard Matrices

Definition: Hadmard Matrix

@ A square matrix with entries from {—1,1} with pairwise orthogonal
rows.

e Equiv. HH' = nl,, with H an n x n (=1, 1)-matrix of order n.

Definition: Balancedly Splittable (Kharaghani and Suda, 2019)
o A Hadamard matrix H of order n with n x £ submatrix Hy .
e His (n,/,a, b) balancedly splittable, a < b, if

HiHE =ty + aA + b(Jn — I, — A),

for symmetric (0, 1)-matrix A with zero diagonal.

T. Pender (U of L) Splittable ODs BIRS June 2022 5/47



Hadamard Matrices
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Hadamard Matrices
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@ a balancedly splittable Hadamard matrix of order 16
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Hadamard Matrices
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Hadamard Matrices
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@ The rows of the split are equiangular.
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Hadamard Matrices
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@ There are four splits.

10/47

Splittable ODs BIRS June 2022

T. Pender (U of L)



Orthogonal Designs

Definition: Orthogonal Designs
e A square {£z,...,+z,}-matriz X of order n such that

XXt =ol,, s €N,

where 0 = Y, 5,22,
e Write OD(n; s1,. .., Su)-
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Orthogonal Designs
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e An OD(16;8,8).
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Orthogonal Designs
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Orthogonal Designs
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Orthogonal Designs
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@ Products in the set {£2a% +£2b? +2ab}.
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Orthogonal Designs

Definition: Orthogonal Designs

e A square {£z,...,+z,}-matrix X of order n such that
XXt =0l si €N, where 0 =Y. 5,22,
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Orthogonal Designs

Definition: Orthogonal Designs

e A square {£z,...,+z,}-matrix X of order n such that
XXt =olp,s; € N, where 0 = Y. 5;22.

Definition: Balancedly Splittable (Kharaghani et al., 2021)
@ An OD X with n x ¢ submatrix X; admits a stable (n, ¢, a, b) split if

XiX{ = o(cly + aA+ b(Jp — I, — A)).
@ The split is unstable if it is not stable and
XoX{ = Lll, + aA+ b(Jp, — I, — A)

after replacing each variable with 1.
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Construction

Definition: Auxiliary Matrices

e X a full OD(n;s1,...,s,) and H the Hadamard matrix obtained by
replacing each variable with 1.

@ Label rows of X and H by xg,...,xn—1, and hg, ..., hy_1.

@ The auxiliary matrices of X are given by

_ pt P —
¢ = h;x;, i=0,....,n—1.
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Construction

e An OD(2;1,1):

@ Auxiliary matrices:
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Construction

@ Form the sequences

o = (Co, C1, Cl), ,3 = (Co, C1, —Cl).

@ The sum of the periodic autocorrelations of a: and [ satisfy

Zaiafﬂ' + Z/B: it+j =0, Jj=12
i i

@ Sums of cross-correlations

Yoaiff+) Bief =0, j=12
i i
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Construction

@ Form the matrices

A = circ(a), B = circ(pB),

(5 4)

@ Then the matrix

O)
I
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Construction
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Construction

00t — AA! + BBt AB! + BA?
- \AB'+ BA* AA*+BB')®
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Construction
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Construction

@ Define:

Y
K=(i2

@ Index rows as yg,...,y2n—1, and ko, ..., kon_1.
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Construction

Y=(1l)ex K=(11)®H
Rows: yo,...,¥2n-1 Rows: ko,..., kop_1

e Form

— t t t
héy1

— t

E - ho)/2 )
t
hoys
t
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Construction
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Construction
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Complex and Quaternion Elements

@ The following is a OD(2;1,1) of quaternions.

a bi
bj ak)’

@ where a and b are real variables.
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Complex and Quaternion Elements
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Equiangular Lines and Unbiased Hadamard Matrices

Definition: Equiangular Lines

A collection £ C R’ of lines (vectors) are equiangular if there is a constant
a such that |(u, v)| = a for every u,v € L.

Definition: Unbiased Hadamard Matrices
Hadamard matrices H and K are unbiased if

HK® = /nL

for some Hadamard matrix L.
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Equiangular Lines and Unbiased Hadamard Matrices
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@ a collection of equiangular lines

@ products are the same in absolute value
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Equiangular Lines and Unbiased Hadamard Matrices
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Equiangular Lines and Unbiased Hadamard Matrices

Proposition (Kharaghani and Suda, 2019)

H = (H, H2) a Hadamard matrix of order n with
HiHf = (1, + aS

where S is a (—1,0, 1)-matrix. The following are equivalent:
Q@ K = (-H Hy) is unbiased with H, and
@ (4,a) = ((n++/n)/2,v/n/2).
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ar Lines and Unbiased Hadamard Matrices
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ar Lines and Unbiased Hadamard Matrices
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ar Lines and Unbiased Hadamard Matrices
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ar Lines and Unbiased Hadamard Matrices
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Equiangular Lines and Unbiased Hadamard Matrices

@ each split gives equiangular lines
@ parametric conditions of the proposition are satisfied

@ we can always construct unbiased Hadamard matrices
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Unbiased ODs

Definition: Unbiased ODs (Kharaghani and Suda, 2018)

e Xj and X be two OD(n, s1,...,s,) in {£z,...,+z,}.

@ Xi and X5 are unbiased if there is a Hadamard matrix H such that

X Xt = (a—é Zs,-z,.?) H.

for some a € RT.
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Unbiased ODs

Definition: Unbiased ODs (Kharaghani and Suda, 2018)

e Xj and X be two OD(n, s1,...,s,) in {£z,...,+z,}.

@ Xi and X5 are unbiased if there is a Hadamard matrix H such that

X Xt = (a—é Zs,-z,.?) H.

for some a € RT.

stable split

equiangular lines » = unbiased ODs

param. cond.
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Unbiased ODs

@ Recall:
G F —-F
X = E A B
—-E B A
o Take
G F F
Y = E A -B
—EFE B -—-A

o Then XY*=2(3";sz?) H, where H is Hadamard.
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Unbiased ODs
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Unbiased ODs
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T. Pender (U of L)



Unbiased ODs

The End!!

Thank You!
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