Math 178 Notes on Symbolic Dynamics
References: Text Sections 10.4 - 10.6

B = the set of all binary sequences;
B = {d=|.ajasas...] where a; is 0 or 1}

If = € [0,1], then [z]y = .ajasas . .. is the binary (base 2) representation of x. Since
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we see that if  and y have binary representations that agree for the first & places (i.e.,
[z]s = .aras ... agbpiibryo ..., [ylo = .a1as ... apCriiCryn .. .), then |z —y| < (1/2)F.
Note also that if [x]; = .ajasas ..., then [2x]y = aj.aza3...,[2%x]y = ajas.a3a4. . .,
etc., and [Lz]y = .0ajasas. .. ete. (multiplying by 2 shifts the binary representation
to the left, dividing by 2 shifts it to the right).

The saw tooth transformation;

The representation S of S on B;

S(.ayazas...) = .asazay. .. shift left and drop a;

So, the saw tooth transformation acts on numbers by shifting their binary sequences
to the left (and dropping ay).

The tent transformation;

The representation T of T on B;

T( ajasay ...) = -agazay ... ap =0 shift
.a1as09 . ..) = .agagaz cooap =1 shift and COHjugate

Here,
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The coordinate transformation h(z);

h(z) = sin? (?)
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Fixed points for Logistic

Steps 1 and 2: Fixed points for 7" and T

Suppose T(d) = d. Then,

T(a1a2a3 .. ) = ajasqdsg. ..

Case 1: a; = 0. Then T(&lagag ...) = asagay . ... Comparing the left and right sides,
a; = ag — ay = 0 (since a; = 0). So then since ay = a3, we must have that az = 0.
Continuing in this way we see that all ¢; = 0. Thus, if 7(@) = @ and a; = 0, then
@ =000.... So the number z with [z]s = 000... is a fixed point of T'(z). This
x is clearly 0. Check; T(0) = 2(0) = 0. Also, h(0) = 0 so 0 is a fixed point of
f(z) =42(1 — x).

Case 2: a; = 1. Then T(ajasas...) = ajaal . ... Comparing the left and right sides,
a; = a5 — ag = 1 (since a3 = 0). So then since ay = a3, we must have that
af =1 — as = 0. Continuing in this way we see that @ = 1010. Thus, if 7(@) = @
and a; = 1, then @ = 1010.  So the number = with [z]; = 1010 is a fixed point of
T(x).

Now, if # is such that [z], = 1010, then t — i+ 55+ 55+ =23+ m+35+--) =
2(5 Y Li ; 1) = 2/3. (Note how we found this by summing a geometric series; whenever
the binary representation (or in any base)of a number repeats, we can determine that
number by summing a geometric series.) Thus, 2/3 is a fixed point of T'(x);

T(2/3) = 2—2(2/3) =2—4/3 = 2/3

Step 3: Convert to fixed point for Logistic

And so & = h(2/3) = sin®*(327) = sin®() = 2 is a fixed point of f(z) = 4z(1 —x);

f(3/4) = 4(3/4)(1 — 3/4) =3/4




