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Objective

The integro-differential equation on the sphere:

/Ot—|—v (IOU) :Oa
v=—VK *p,
where p denotes density and v denotes velocity:.

Goal: Look for a potential K that gives a steady
state of even density distribution over the sphere.

Motivation for the choice of K

In R?, let r be the Euclidean distance between two
points and G the Green’s tunction to the Laplacian
oiven by

1
G(r)=——>Ilogr.
2T
[t is shown in |1] that, the desired interaction poten-

tial is a modification of the Green’s function:

1 1
K(r) = —%bgfr +- 57"2.

Sketch of idea: The key observation is that K
satisfies

AK = —0+ 2.

Along the characteristic path X (a,t) of a particle
with « as its initial position, p(X («, 1), 1) satisfies

D
P = VP vt
= —pV - v
= —p(—AK % p)

where M denotes the constant total mass in 2D free
space. The global attractor for this ODE is then

PO — 2M .
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Dynamics on the sphere

Motivated by the R? case, we look for an interaction
potential K on the sphere such that it satisfies

AgK =—0+4+C),

where Ag is the Laplace-Beltrami operator on the
sphere. A natural choice is the generalized Green'’s
function ot Ag:

Choice of K

Let 6 be the angle between two points on the
sphere, then the interaction potential K and its

Laplace-Beltrami are:

1 0

oo sin —
o o§81n2,

A

AK = —0 -

Main Result: Using K in (1), we show that:

1

« the uniform density distribution py = - over the

whole sphere is an equilibrium state.

= po 1s the global attractor, that is, any initial state
will converge to pg as t — o0.

Sketch of idea: Similarly, along the characteristic
path X («a,t), we have
D 1

By conservation of mass, the density is uniform over
the whole sphere.

Numerics

Rewrite v = —V K % p in terms of particle paths:

aX; 1 Lo
dt N N | 2
el
Expand these terms in spherical basis:

dX; 0X;do; 0X;dg,
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ViIRXaR) = 5 96,% " Rein 6,00,

Compare coefficients of the spherical basis to obtain

the ODE equations:
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(a) Initial State

(b) Steady State, particle paths traced

Extension: with an obstacle

If we add a barrier at = 6y and redefine the velocity
at the boundary as

v = Proj(—VK x p),

then numerics show that new equilibrium state is:

1

= constant density py = ;- in the interior.

« another constant density depending on 6, on the
boundary, with zero projected velocity:.

Figure: Equilibrium state with 6y = 7

Future Work

« Understand analytically the approach to
equilibrium in the case with an obstacle.

« dtudy dynamics on more general surtaces and
develop effective numerical schemes.
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