11 Minkowski Polarity
Recall: If y € R" and t € R, the half-space Hy' is given by
< n
H'={xeR"|y x <t}

Theorem 11.1 (Polytope Duality). Fvery polytope P = Conv(xy,...,Xy) can be expressed

as an intersection of finitely many half-spaces: There exist y1,...,y; and t1,...,t; so that

P= ﬁ HEY,
i=1

Example: The following triangle T"in R? is the intersection of the half-spaces H}%tl yee Hg?’.

Minkowski discovered a beautiful way to realize this duality for polytopes and even more

general sets. The following definition is his idea:
Definition. For any set S C R"”, the polar of S is defined to be

S°={xe€R"|x-y <1 holds for every y € S}.

Example 1:

¢ (Oa 71)

(—1,-1) (1,-1)
S ={(1,0),(0,1),(—1,0),(0,-1)} S°e={xecR?|x-y<1foreveryyec S}
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Note: For a finite set of points {yi,...,yx} we can represent the polar as an intersection

of a finite list of half-spaces:

{Y177y1€}o:{X€Rn|XYZglforlgzgk}
<1 <1 <1
ZHylﬂH%...ﬂHyk.

Example 2:

-y b (0,1)
(—1,0) (1,0)
(11 () oy
T={(1,1),(1,-1),(-1,1),(-1,-1)} T°={xeR?|x-y <1foreveryy € S}

The next lemma shows that the polar of a polytope is the same as the polar of its set of

vertices.
Lemma 11.2. If P = Conv(vy,...,Vg), then P° = {vy,...,vg}°.

Proof. 1t follows from the definition of the polar that every x € P° must satisfy x - v, < 1.
Therefore P° C {vy,...,v,}°. To complete the proof, we need to show {vy,...,v;}° C P°.
To do this, let x € R™ be an arbitrary point that satisfies x-v; < 1 for 1 < i < k and we will
show that x € P°. To show x € P° it suffices to check that x -y < 1 holds for an arbitrary
y € P. Since y € P we have

Yy=¢CVi+...+CVg
for some coefficients ¢, ...,c, > 0 with ¢; + ... 4+ ¢z = 1. Now we have
x-y=x-(c1vi+ ...+ cpvg)
= (xX-vi)+ .. o (x- Vi)
<c+...4¢

=1

and this completes the proof. O]
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Example 3: As a consequence of the above lemma and our first two examples we find
that P = COHV<<07 1)7 (07 _1>7 (17 0)7 <_17 0)) and Q = COHV((L 1)7 (17 _1>7 (_17 1)7 (_17 _1))
satisfy

P°={(0,1),(0,-1),(1,0),(=1,0)}° = Q, and
QO - {<17 1)7 (17 _1>7 (_17 1)7 (_17 —1)}0 =P

So, the polar operation takes P to ) and ) to P. The following theorem shows that this

duality holds in much greater generality.

Theorem 11.3 (Minkowski). If S C R" is closed and convex and contains O in its interior,
then (S°)° = S.

Proof. First we prove that S C (5°)°. To do so, let y € S. By the definition of the polar,
every x € S° must satisfy x-y < 1. However, it follows immediately from this that y € (5°)°.
Next we prove that (5°)° C S. Suppose (for a contradiction) that this is not true and
consider a point w € (5°)°\ S. Since S is closed and convex, there exists a hyperplane

separating w and S. So, we may choose z € R" and t € R satisfying:
1. z-w >t and
2. z-y<tforeveryy eSS

Since 0 is in the interior of S there exists ¢ > 0 so that ez € S. By the second property
above we have ¢t > (ez) - z = €l|z||> > 0. Now define the vector z' = 1z and note that we

have
1. z/-w > 1 and
2.7z -y <l1foreveryy €S

It follows from the second part above that z' € S°. However, then we have a contradiction

to w € (S°)° since z' - w > 1. Therefore (5°)° C S5, and this completes the proof. O



