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Abstract

A systemati@ppmoad to designtwo familiesof multipli-
erlessapproximationsof the DCT with the lifting schemeis
presentedbasedon Chens and Loefler’s factorizationsof
the DCT matrix, respectively The analytical valuesof all
the lifting stepsare derived,which can be apptoximatedby
dyadicvaluesto enablefastimplementationsvith only shifts
and additions. Different trade-ofs betweenthe compleity
and the performancecan be easily obtained. A scaledlift-
ing structue is proposedto further reduceits complexity.
Theperformanceof thelifting-basedDCT implementations
demonstatedin the framevorksof JPEGand H.263+. Be-
sides osslessompessioncapabilityis alsopresented.

1 Introduction

The DiscreteCosineTransform(DCT) is the underlying
techniquefor mary imageandvideo compressiorstandards
suchasJPEG H.263andMPEG,dueto its highenegy com-
pactioncapability and the existenceof numerousfastDCT
algorithms.

Most fastDCT algorithmscanbe classifiedinto two cat-
egories: (i) fastalgorithmstaking advantageof the relation-
shipsbetweenthe DCT andvariousexisting fasttransforms
suchas the FFT, Walsh-Hadamardransform (WHT), and
discreteHartley transform(DHT); (ii) fastalgorithmsbased
onthesparsdactorizationof the DCT matrix[2, 7].

Thetheoreticalower boundon the numberof multiplica-
tionsrequiredin the 1D 8-point DCT hasbeenprovento be
11 [4], whichis achiezedby the methodproposedy Loeffler
et. al. [7]. However, thecompleity canbefurtherreducedn
lossyimageandvideocodingwherequantizatioris involved
in theprocessingandhenceit is possibleto incorporatesome
multiplicationsin thequantizatiorsteps.Thisis theso-called
scaledDCT[8, 1].

However, thesefast DCT algorithmsstill needfloating-
point or fixed-pointmultiplications,which areusuallycostly
in both hardware and softwareimplementations.n this pa-
per, we will presenttwo families of multiplierlessapprox-
imationsof the DCT with the lifting schem€[3], a power
ful tool for constructingwavelets and wavelet transforms.
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Figure 1. Givens rotation-based factorizations
of the 8-point DCT: (a) Chen’s factorization; (b)
Loeffler’ s factorization.

Besides motivatedby the ideaof the scaledDCT, a scaled
lifting structureis usedto further reducethe complexity of
the approximations.The propertyof the lifting schemealso
enableslosslesscompressiorwith the nev method,which
is impossiblein other DCT-basedalgorithms. Experimental
resultswill be presentedo demonstratehe performanceof
thesefastDCT algorithmsin JPEGandH.263+.

2 DCT Factorizationsand the Lifting Scheme

Fig. 1 shavsthesignalflow graphsof Chens[2] andLo-
effler's[7] factorizationf the 1D 8-point DCT matrix. The
overallcompleities of thesefactorizationsare13 multiplica-
tions, 29 additions,and11 multiplicationsand29 additions.
Notethatascalingfactorof 1/2 and1/+/8 shouldbeapplied
to the outputof eachfactorizationto obtaintrue DCT coeffi-
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Figure 2. (a) A Givens rotation; (b) Represent-
ing by three lifting steps; (c) General form; (d)
Representing by the scaled lifting structure .

cients.

The commonfeatureof thesefactorizationis thatmostof
the multiplicationsarein the form of Giversrotations. This
enableghe applicationof the lifting scheme.Fig. 2(a) and
(b) show therepresentationf a Givensrotationby threelift-
ing stepgassumingx # 0) [3]. Thiscanbewrittenin matrix

form as:
~Sa]_[1 Gt
Ca 0 1
1)

whereCa andSa standfor cosa andsina, respectiely.

Eachlifting stepis a biorthogonaltransform,andits in-
versealsohasasimplelifting structure Moreover, to inverse
alifting step,we simply needto subtractut whatwasadded
attheforwardtransform.Thisimpliesthattheoriginal signal
canstill be perfectlyreconstructedvhenthelifting parame-
tersareapproximatedy finite-lengthvalues,aslong asthe
samevalueis usedin boththeforwardandtheinversetrans-
forms. Hencea multiplierlessapproximatiorof the DCT can
be obtainedif we replaceeachGivensrotationin the DCT
factorizationdy lifting stepsandthenapproximatesachlift-
ing parameteby computeffriendly dyadicvalueswhichcan
be easilyimplementedoy shift andadditionoperationsDue
to this reasonwe denotethe resultedimplementatiorof the
DCT asthebinDCT.

Ca
Sa

3 Thescaled lifting structure

Note thatsomeof therotationanglesin Fig. 1 areatthe
end of the transform. This malkesit possibleto further re-
ducethe compleity of the binDCT by adjustingthe afore-
mentionedifting structureandcombiningsomeof the oper
ationsin the quantizatiorstage.

In Fig. 2(c) and(d), we represent Givensrotationby 2
lifting stepsand2 scalingfactors.Sincethetwo scalingfac-
torscanbe absorbedn the quantizationonly 2 lifting steps

(¢)

Figure 3. (a) A Givens rotation; (b) Scaled lift-
ing solution; (c) Permuted Givens rotation; (d)
Scaled lifting solution for the permuted rota-
tion.

areleft in thetransform leadingto amoreefficientrepresen-
tationthanthe corventionaloneasshawn in Fig. 2(b).

By comparingFig. 2(c) and(d), the analyticalvaluesof
the parametersn the scaledlifting structurecan be easily
derivedasfollows:

T11 721
U=
T11T22 — T21T12

K1 =T11,

(2)

T11 722 —T21T12
K=
T11

With thisformula,the Givensrotationasgivenin Fig. 3(a)
canberepresentetly thescaledifting structuren Fig. 3(b),
which canthenbe approximatedy finite-lengthvaluesfor
fastimplementations.

However, it canbe shavn thatwhenthe rotationangleis
closeto /2, the performanceof the above approximation
is very sensitve to the roundof error of the lifting parame-
ters[6]. Besidesthe lifting parametetan « is quite large
in this case which increaseshe dynamicrangeof the trans-
form. In this case we canapply a permutatiorto the output
signals,asshavn in Fig. 3(c). The correspondingcaledift-
ing structureis givenin Fig. 3(d), which canprovide robust
approximationaswell assmallerdynamicrange.

Since perfectreconstructioris guaranteedy the lifting
structureitself, the remainingproblemis to determinethe
lifting parametersuchthatthe binDCT could have similar
codingperformanceo thatof thetrue DCT. In this paperthe
performancds measuredy the coding gain, which repre-
sentgheenegy compactiorcapabilityof atransform.Under
theassumptiorof the AR(1) inputwith zero-meanunit vari-
anceandinter-sampleautocorrelatiorcoeficient p = 0.95,
thecodinggainof the8-point DCT is 8.8259 d B.
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Figure 4. General structure of the binDCT from
(@) Chen’s factorization; (b) Loeffler’ s factor -
ization.

4 General Structures and Design Examples

Fromtheabove analysiswe canobtainthe generaktruc-
turesof the binDCT from Chens and Loeffler’s factoriza-
tions,asshovnin Fig. 4, wheretheintermediateotationan-
glesareimplementedby the normal 3-lifting structure,and
thoserotationsat the end of the signalflow arereplacedby
more efficient scaledlifting structures. Note that the per
mutedversionof thescaledifting structurds usedfor angles
closeto /2.

The scalingfactorsin the dashboxeswill beabsorbedy
the quantizationstepin the implementation. They will be
bypassedf losslesscompressiorns desired.Note thatsome
sign manipulationsareinvolved hereto make all the scaling
factorspositive.

The analyticalvaluesof all the lifting parameterganbe
obtainedfrom the above formulas. Theseresultscanbe ap-
proximatedby dyadic values,which enablessimple imple-
mentationwith only shift andadditionoperations.This has
tremendousdvantagesn softwareandhardwareimplemen-
tations,especiallyfor low-power hand-helddevicessuchas
PDA andcellularphones.

In Tablel and2 , we presentseveral possibleconfigura-
tions of the two typesof binDCT. C, standsfor the coding
gain of the binDCT. In generalwith increasingcomplexity,
themultiplierlessbinDCT canapproximatehefloatingDCT
more and more accurately Note that even the 9-shift ver
sion hasa pretty good codinggain of 8.7686 d B already It

alsoshawvsthatgiventhesamecomplexity, thebinDCT from

Loeffler'sfactorizatiorhasaslightly betterperformancehan
thatfromtheChensfactorizationdueto thereducechumber
of Givensrotationsin thefactorization.

5 Experimental results

TheproposedinDCT familieshave beenimplementedn
theframavorksof JPEGandH.263+,basedon popularpub-
lic domainsoftware[5, 10]. We replacethe DCT by the pro-
posedbinDCT, andall quantization-relategartsare modi-
fiedto incorporatehe binDCT scalingfactors.

5.1 Performanceof thebinDCT in JPEG

Fig. 5 plotsthe PSNRsof the reconstructed.enaimage
with differentDCT implementations.The binDCT-C1 and
binDCT-C4 in Table1 are comparedwith the floating DCT
andthefastintegerDCT in thelJG’s code[5]. Thelatteris a
scaledDCT andrequiress fixed-pointmultiplicationsand29
additions[8, 1]. In obtainingtheseresults the samekind of
transformis usedin boththeforwardandtheinverseDCT.

It canbe seerthatthe performancesf bothbinDCT con-
figurationsarevery closeto thatof thefloating DCT. In par
ticular, when the quality factor is belov 90, the maximal
differencebetweenbinDCT-C4 andthe floating DCT is less
than0.1dB, which is negligible. The maximalperformance
degradationof binDCT-C1 is also belov 0.5dB. Besides,
whenthe quality factoris above 90, the performanceof the
proposedinDCT is muchbetterthanthefastintegerDCT in
thelJG’s code.

As previously mentioned,losslesscompressioncan be
easilyachievedwith thelifting-basedbinDCT by bypassing
thescalingfactors.To improve thecompressiomatio, we re-
placeall the butterfliesin the binDCT by thelifting stepsas
shavn in Fig. 6, which minimizesthe dynamicrangeof the
transform. For instance the DC coeficient in the modified
structureis the averageof all the inputs,while in the original
structurejt is the summatiorof theinputs.

ThelosslesinDCT hasbeenimplementedogethemwith
two codingmethods HuffmanandSPIHT[9]. To useHuff-
mancoding,a new Huffmantableis designedsincethe de-
fault Huffmantable definedin the JPEGstandards not op-
timal for the losslesshinDCT, asthe statisticdistribution of
the binDCT coeficientsaredifferentfrom that of the origi-
nal DCT coeficients.WhenSPIHTis usedwe rearrange¢he
binDCT coeficientsaccordingto the patternof the wavelet
transformcoeficientsbeforeapplyingzerotregprocessing.

The binDCT-C4-basedosslesgransformsare compared
with someadvancedcontext model-basedrediction meth-
ods,includingthe HP LOCO-l andCALIC [11, 12], andthe
resultsare summarizedn Table 3, shaving thatthe overall
compressiomatio of thebinDCT-basednethods notasgood



Table 1. Some configurations of the binDCT from Chen’s factorization.

| Config. [ pr w  p»  us p3s  us

ps  us  ps || Shifts [ Adds [ C, (dB) |

binDCT-C1 172 1/2 1 172 14 1/4

12 3/14 12 9 28 8.7686

binDCT-C2 1/2 38 7/8 12 3/16 1/4 7/16 3/4 3/8 14 33 8.8033

binDCT-C3 3/8 3/8 7/8 1/2 3/16 3/16 7/16 11/16 3/8 17 36 8.8159

binDCT-C4 || 7/16 3/8 5/8 7/16 3/16 3/16 7/16 11/16 3/8 19 37 8.8220

binDCT-C5 || 13/32 11/32 11/16 15/32 3/16 3/16 7/16 11/16 3/8 21 40 8.8233

binDCT-C6 || 7/16 3/8 5/8 7/16 3/16 3/16 13/32 11/16 13/32 21 39 8.8240

binDCT-C7 || 13/32 11/32 11/16 15/32 3/16 3/16 13/32 11/16 13/32 23 42 8.8251

Table 2. Some configurations of the binDCT from Loeffler’ s factorization.

| Config. ]| pr w p» us ps

pi__us _ps || Shifts | Adds [ C, (dB) |

binDCT-L1 12 12 14 12 1/4

1/8 1/4 1/8 10 28 8.7716

binDCT-L2 38 1/2 1/4 122 1/4

1/8 3/16 3/32 13 31 8.8027

binDCT-L3 7/16 3/8 1/4 9/16 5/16

1/8 3/16 3/32 16 34 8.8225

binDCT-L4 || 13/32 11/32 5/16 9/16 5/16 3/32 3/16 3/32 20 38 8.8242

binDCT-L5 || 13/32 11/32 19/64 9/16 19/64 3/32 3/16 3/32 22 40 8.8257
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Figure 6. Lossless binDCT from Chen’s factor -
ization with minimiz ed dynamic range.

asthesemethods. However, the proposedinDCT is much
simpler

5.2 Performance of thebinDCT in H.263+

The forward DCT in the selectedH.263+ software is
basedon Chens factorizationwith floating-pointmultiplica-
tions, andthe inverseDCT is a scaledversionof the same
methodwith fixed-pointmultiplications. In this experiment,
the binDCT-C4 is employed to comparewith the original
H.263+, and someresultsare shovn in Fig. 7. It canbe
seenthatwith the default quantizatiorsteps(40 for | frames
and 26 for P frames),the averagePSNRof the binDCT-C4
basedH.263+is 0.08dB below that of the default H.263+.
However, the compressiorratio is improvedto 102.67 : 1
from 101.03 : 1. Theoppositescenarichappensvhensmall
guantizationstepis used. For example,with a quantization

Foreman with default quantization steps: Average Difference: 0.084415dB.

Default H.263+ encoder and decoder

33l | ——  binDCT-Ca-based H.263+
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Figure 7. Comparison of the H.263+ and the
binDCT-C4-based H.263+: (a) PSNRs of the re-
constructed sequence with the default quanti-
zation; (b) PSNRs with a quantization step of 4
for all frames.
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Figure 5. Comparison of the PSNRs resulted from (a) the floating DCT and the fast integ er DCT in [5];
(b) the floating DCT and the binDCT-C1; (c) the floating DCT and the binDCT-C4.

Table 3. Lossless coding results (bits/pix el)
binDCT-C4 | binDCT-C4 HP
Image |\ Huffman | +SPIHT | Loco- | CALIC
Balloon 3.78 3.58 2.90 2.78
Zelda 4.44 4.33 3.89 3.69
Hotel 5.20 5.07 4.38 4.18
Barbara 5.22 5.11 4.69 4.31
Board 4.34 4.24 3.68 3.51
Girl 4.60 4.50 3.93 3.72
Gold 5.20 5.04 4.48 4.35
Boats 4.67 4.56 3.93 3.78
Average 4.68 4.55 3.99 3.79

stepof 4 for all frames,the PSNRgivenby the binDCT-C4
is 0.79dB higherthanthatof thedefault H.263+,but thefile
sizeincreasedy 2.5%. Hencetheoverall performancef the
binDCT-C4is very similarto thedefault DCT in theselected
H.263+implementation.

The compatibility of the binDCT-basedH.263+with the
default H.263+is alsosatishctory Whenthe testsequence
Foremanis encodedwvith the default DCT anddefault quan-
tization steps,and decodedby the binDCT-C4, the average
PSNRwould be 30.42d B, which is only 0.12d B below the
30.54dB providedby thedefault H.263+decoder

6 Conclusion

A systemati@pproacho designtwo familiesof fastmul-
tiplierlessapproximation®f the DCT with thelifting scheme
is presentedhasedon factorizationf the DCT matrix. The
analytical valuesof all lifting parametersare derived, en-
abling appropriatefinite-length approximationswhich can
beimplementedvith shift andadditionoperationsA scaled
lifting structureis alsoproposedo further reducethe com-
plexity of the transform. The performanceof the proposed

fast DCT is demonstratedn the framework of JPEGand
H.263+. Experimentalresultsshav that the binDCT is a
promisingfastDCT algorithmthatis especiallysuitablefor
softwareandhardwareimplementation®n low-power hand-
helddevices.

References

[1] Y. Arai, T. Agui, andM. Nakajima. A fastdct-sqschemeor
images.Trans.IEICE, E-71(11):10951988.

[2] W. Chen,C. Harrison,andS. Fralick. A fastcomputational

algorithmfor thediscretecosinetransform|EEE Trans.Com-

municationsVol. COM-25,No. 9:1004-10111977.

|. DaubechieandW. SweldensFactoringwavelettransforms

into lifting step. Journal Fourier Anal. Appl, Vol. 4, No.

3:247-269]1998.

E. FeigandS. Winograd.Onthemultiplicative compleity of

discretecosinetransform. IEEE Trans.Information Theory

Vol. 38:1387-1391Jul. 1992.

1JG. ftp://ftp.uu.net/gaphics/jpe.

J.LiangandT. D. Tran. Fastmultiplierlessapproximatiorof

thedct with thelifting scheme.Proceedingof the 45th SPIE

AnnualMeeting Aug. 2000.

C. Loeffler, A. Lightenbeg, and G. Moschytz. Practical

fast1d dct algorithmswith 11 multiplications. Proc. IEEE

ICASSRVol. 2:988—991Feh 1989.

W. Pennebadér andJ. Mitchell. JPEGStill Image Data Com-

pressionStandad. VanNostrandReinhold,New York, 1993.

A. SaidandW. Peariman. A new fastand efficient image

codecbasedon setpartitioningin hierarchicaltrees. IEEE

Trans, Circuits and Systemdor Mideo Tech., Vol 6, No. 3,

Junel996.

[10] UBC. http://spmgeceubc.ca/h263plus/h263plus.html

[11] M. J.Weinbeger, G. SeroussiandG. Sapiro.Theloco-iloss-

lessimage compressioralgorithm: principlesand standard-

ization into jpeg-Is. IEEE Trans.Image Processing Vol. 9

No. 8, Aug. 2000.

X. Wu andN. D. Memon. Contet-basedadaptve, lossless

imagecoding. IEEE Trans.Commun.Apr. 1997.

(3]

[4]

[5]
[6]

[7]

(8]
[9]

(12]



